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Introduction

Introduction

In this work we study the following quasilinear hyperbolic equations

upr — div (|Vu\m Vu) — Au + |ut|q*1 ur = |u|p71 u xe€0, t>0,
u(x,0)=ug(x), ur(x,0) =up(x), x € (),

u(x,t) =0, x€d), t>0
(1)
where Q) is a bounded domain with smooth boundary Q) in R"

(n>1); m>0, pg>1.
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When m = 0, (1) becomes the following wave equation with nonlinear
and strong damping terms

Utt—AU—AUt+|Ut|q71 ur = |U|p71 u. (2)

Gerbi and Houari studied the exponential decay, Chen and Liu studied
global existence, decay and exponential growth of solutions of the
problem (2). Also, Gazzola and Squassina studied global existence and
blow up of solutions of the problem (2), for g = 1.

[§ S. Gerbi, B.S. Houari, Exponential decay for solutions to semilinear
damped wave equation, Discrete Continuous Dynamical Systems
Series B, 5(3) 559-566 (2012).

@ H. Chen, G. Liu, Global existence, uniform decay and exponential
growth for a class of semilinear wave equation with strong damping,
Acta Mathematica Scienta, 33B(1) (2013).

@ F. Gazzola, M. Squassina, Global solutions and finite time blow up
for damped semilinear wave equations, Ann. |.”H. Péincaré — AN 23
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In the absence of the strong damping term Auw;, and m = 0, the problem
(1) can be reduced to the following wave equation with nonlinear
damping and source terms

e — A |ug | e = [uP o (3)

Many authors have investigated the local existence, blow up and
asymptotic behavior of solutions of the equation (3), see
)Georgiev-Todorova 1994, Levine 1974, Messaoudi 2001,
Runzhang-Jihong 2009, Vitillaro 1999).

@ V. Georgiev, G. Todorova, Existence of a solution of the wave
equation with nonlinear damping and source terms, J. Differential
Equations, 109(2) 295-308 (1994).

@ H.A. Levine, Instability and nonexistence of global solutions to
nonlinear wave equations of the form Puy = Au+ F(u), Trans.
Amer. Math. Soc., 192, 1-21 (1974).

E S.A. Messaoudi, Blow up in a nonlinearly damped wave equation
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e — AuA|ug| 9 e = [u]P (3)

The interaction between damping (|u¢|? " u;) and the source term

(|u|p_1 u) makes the problem more interasting. Levine, first studied the
interaction between the linear damping (g = 1) and source term by using
Concavity method. But this method can’t be applied in the case of a
nonlinear damping term. Georgiev and Todorova extended Levine's result
to the nonlinear case (¢ > 1). They showed that solutions with negative
initial energy blow up in finite time. Later, Vitillaro extended these
results to the case of nonlinear damping and positive initial energy.
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Messaoudi studied decay of solutions of the problem (1), using the
techniques combination of the perturbed energy and potential well
methods. Recenctly, the problem (1) was studied by Wu and Xue. They
proved uniform energy decay rates of solutions, by utilizing the multiplier
metdod.

[@ S.A. Messaoudi, On the decay of solutions for a class of quasilinear
hyperbolic equations with nonlinear damping and source terms,
Math Meth Appl Sci, 28, 1819-1828 (2005).

@ Y. Wu, X. Xue, Uniform decay rate estimates for a class of
quasilinear hyperbolic equations with nonlinear damping and source
terms, Appl Anal, 92(6) 1169-1178 (2013).
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In this work, we established the polynomial and exponential decay of
solutions of the problem (1) by using Nakao's inequality. After that, we
show blow up of solutions with negative and nonnegative initial energy,
using the same techniques as in (Li-Tsai 2003).

This work is organized as follows: In the next section, we present some
lammas, notations and local existence theorem. In section 3, the global
existence and decay of solutions are given. In the last section, we show
the blow up of solutions, for g = 1.
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Preliminaries

In this section, we shall give some assumptions and lemmas which will be
used throughout this paper. Let [|.|| and ||.||, denote the usual L2 (Q)
norm and LP (Q)) norm, respectively.

(Sobolev-Poincare inequality) (Adams, Fournier 2013) Let p be a
number with2 < p < oo (n=1,2) or2 < p < 205 (n > 3), then there
is a constant C. = Ci (Q), p) such that

||u||p < G ||Vul| forue H& Q).
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Lemma (2)

(Nakao 1977). Let ¢ (t) be nonincreasing and nonnegative function
defined on [0, T], T > 1, satisfying

() S wo (¢ (t) — ¢ (t+1)), tE0,T]

for wy Is a positive constant and « is a nonnegative constant. Then we
have, for each t € [0, T],

¢ (t) < ¢ (0) el =0,
¢ (t) < (4> (0) ™ 4+ wy la [t — 1]*)_ a>0,

R

where [t —1]7 = max {t — 1,0}, and w; = In( il )

Wo—l
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Next, we state the local existence theorem that can be established by
combining arguments of (Georgiev-Todorova 1994, Piskin 2013, Ye 2013).

Theorem (3)

(Local existence). Suppose that m+2 < p+1 < % m+2<n

and further uy € Wol’er2 (Q) and uy € L% (Q) such that problem (1)
has a unique local solution

ueC ([0, T); whm+? (Q)) and u; € C ([o, T); L2 (Q)) NI (Qx [0, T)

Moreover, at least one of the following statements holds true:
i) T =00,

i) [|uel® + |V ul|m*2 — o0 as t —> T~
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Global existence and decay of solutions

In this section, we discuss the global existence and decay of the solution
for problem (1).

We define
1 m+2 1 p+1
J(f):mHVU”mH—mHUHpHr (4)
and ) )
+
1(t) = [|Vullpiz = llullbiy - (5)

We also define the energy function as follows

2 +1
E(t)=5 || ut||? + +2 IVullmiz — p+1 lullpit - (6)
Finally, we define
w={u:uewgm2(Q), 1(u) >0} U{o}. (7)
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Global existence and decay of solutions

The next lemma shows that our energy functional (6) is a nonincreasing
function along the solution of (1).

E (t) is a nonincreasing function for t > 0 and

E'(t) = — (luel 33 + 1Vee)?) <. (8)

Proof. Multiplying the equation of (1) by u; and integrating over Q),
using integrating by parts, we get

t
E(t)—E(0) = _/0 (Nucl g3 + I Vuel) dx for e > 0. (9)
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Lemma (5)
Let uy € W and u; € L? (Q). Suppose that p > m+ 1 and
(p+1) (m+2) o\
p+1)(m+ o
=C|———E(0 1, 10
p—c (LDt g) ™ < (10)
then u € W for each t > 0.

Proof. Since / (0) > 0, it follows the continuity of v (t) that
I(t) >0,

for some interval near t = 0. Let T, > 0 be a maximal time, when (5)
holds on [0, Tp,] .
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1 p—m—1 m+2
Jt) = —It)+ ——— |V
() P+1 ()+(P+1)(m+2)” u||m+2
p—m—1 m+2
> — .
st (P‘l‘l) (m+2) ||vu||m+2 (11)

Thus, from (6) and E (t) being nonincreasing by (8), we have that

(p+1)(m+2)

IVallnis = =140
< (p;r_l)n(qrzﬂf)E(t)
(p+1)(m+2)
< a1 EO (12)
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Global existence and decay of solutions

And so, exploiting Lemma 1, (10) and (12), we obtain

lul57 < G| VulP*
< GvulBih
= GVl 5 IVl
< o (B 0) T vl
= BIVulpi3
||Vu||$i% onte |0, Tml. (13)

Therefore, by using (5), we conclude that / (t) > 0 for all t € [0, Tp].
By repeating the procedure, T, is extended to T. The proof of Lemma 5
is completed.
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Global existence and decay of solutions

Let assumptions of Lemma 5 holds. Then there exists 17, = 1 — B such
that

+1 2
lullpiy < (1 =) [Vullps -

Proof. From (13), we get

+1 2
lullpis < BIVullnis-

Let 7; = 1 — B, then we have the result.
Remark (7). From Lemma 6, we can deduce that

IVl 12 < ;1/ (). (14)
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Global existence and decay of solutions THimerem ((Dese)

Global existence and decay of solutions

Theorem (8)

Suppose that m+2 < p+1< % m+2 < n holds. Let ug € W

satisfying (10). Then the solution of problem (1) is global.

Proof. It is sufficient to show that ||u¢||® + ||Vu|mi§ is bounded

independently of t. To achieve this we use (5) and (6) to obtain

2 1 1
E(0) = E() *HUrH + =V ||ﬂz—7ijl [ull5 11
2 p—m— m+2 1
= = _pmm=2 (¢
1 2 p—m—1 m+2
> = k7
= 5 HUtH + (p+1) (m+2) Hvu||m+2

since / (t) > 0.
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Global existence and decay of solutions p
Theorem (Decay)

Global existence and decay of solutions

Therefore ) )

lue]|* + | Vullmis < CE(0),
where C = max{2, %} . Then by Theorem 3, we have the
global existence result.
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Global existence and decay of solutions

Theorem (9)

Suppose that m+2 < p+1 < %

further uy € W. Thus, we have following decay estimates:
E (0) e~alt=11" ifg=1 m=0

(E(o)*"‘+c;1a[t—1]+)_ . ifg> i,

E(t) <

2=

where wi, a« and (7 are positive constants which will be defined later.

m—+2 < n and (10) hold, and
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Global existence and decay of solutions Theorem (Decay)

Global existence and decay of solutions

Proof. By integrating (8) over [t,t+ 1], t > 0, we have
E(t)—E(t+1) =D (1), (15)

where i1
1 2
DI+ (1) = /t (o855 + 1 Vue]?) . (16)

By virtue of (16) and Hélder's inequality, we observe that

e 2 o) 2
/t /Q|ut| dxdt < |Q| 72 D2 (t) = CD? (t) . (17)
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Global existence and decay of solutions Theorem (Decay)

Global existence and decay of solutions

Hence, from (17), there exist t; € [t, t+ %] and tp € [t+ %, t+ 1]

such that
lue (8)] < CD (1), i =1,2 (18)

Multiplying (1) by u, and integrating it over Q) X [t1, tp], using
integration by parts, we get

to o ty
/ I(t)dt = 7/ / uuttdxdtf/ / V u: V udxdt
t1 t1 (@) t1 QO

to 1
—/ / |ue| 97" upudxdt. (19)
t1 (@)
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Global existence and decay of solutions

By using (1) and integrating by parts and Cauchy-Schwarz inequality in
the first term, and Hélder inequality in the second term of the right hand
side of (19), we obtain

t
| de < e (el ()] + e ()] (22)]
1
ty 2 [}
[l @ de+ [TVl [Vl de
1 1

to 1
—/ /Q |ue| 97" urudxdt. (20)
ty

Now, our goal is to estimate the last term in the right-hand side of
inequality (20). By using Hélder inequality, we obtain

t t
-1
S Jeel e < [ e ()13 (g de @)
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Global existence and decay of solutions

By applying the Sobolev-Poincare inequality and (12), we find

to
e (01 1 0 (0]
1

t
< Gl (O IVl ot
1
to q
< Gl (O [Vl de
1
1
(p+1)(m+2) p (NTZ 8 g
< c*( S TE) /tl lue (£)]19,, Em%2 (s) dt
1
(p+1)(m+2) ) 1 /f2 g
< G|——E(0 sup Em+2 (s us (t dt
< o (D 2e Jsup E757(s) [ lue (0
1
1 2 w2
< o (B Re0)" w g0, (@)
p_m_l t1<s<tp
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Global existence and decay of solutions

Now, we estimate the fourth term of the right-hand side of inequality
(20). By using the embedding L™*2 (Q) — L2 (Q)), we have

2]
1Vl [Vl at
1

%]
< C*/t [Vue|[ IVu (t) pyyp dt
1

g(”*””*”ﬂmymﬂbwmwéwﬂm

IN

p—m—1
1
1 2 m+2 ta
< G ((P‘l')(fn‘l')Em)) sup Ewms (5)/ |Vt dt,
p—m—1 t1<s<tp ft

which implies

"t rto % "t 2 %
/ IVue| de < </ 1dt> </ 1V ue | dt>
t1 t t

< CD(t
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Then
1
t 1 2 m+2
/ﬂwWMvagcg(”+)m+)E@> sup Em#2 (s) D (t)
ty p—m—1 t1<s<tp
(23)
From (12), (18) and Sobolev-Poincare inequality, we have
1
[[ue (&) [ [Ju ()| < LD (¢) sup Em+z (s), (24)

t1<s<t

1
where G; = 2C, (%E (O)) "2 Then by (20)-(24) we have

Abuﬂm < GD(t) sup Em# (s)+ D2 (¢)

1 t1<s<tp

1
m+2
+a%@fmffk@>+sw5@@wm
p m t1<s<t»
1

(p+1)(m+2) 0\ "2 q
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Global existence and decay of solutions

On the other hand, from (5), (6

~

and Remark 7, we obtain

1
E(D) < Ll + Gl (1), (26)
where (3 = %% + p+1 By integrating (26) over [t1, 2], w
have
ty 1 tr 5 ty
/ E (t)dt < 7/ ue||? dt + c3/ I (t) dt. (27)
t1 2 t1 t1
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Global existence and decay of solutions

Then by (18), (25) and (27), we get
GiD(t) sup Em# (s)+ D (t)
t1<s<tp

(P+1) (m+2) . ()77
p—m—1 Emo

t:
[Ewma < %CD2(t)+C3

t1

sup Em#2 (s) D (t)

t1<s<t;

e (

w2026 0) ™ ap e 07 (ah

p_m_l t1 <s<tp
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By integrating (8) over [t, t], we obtain
f2 1 2
E@=E()+ [ (lulgd+IVer?) o (29)

Therefore, since tp — t; > % we conclude that

/:2 E(t)dt > (& — ) E (1) > 2E (1),

1

That is, .
E (t) < 2/ “E(t) dt. (30)
t

Consequently, exploiting (15), (28)-(30), and since t;, t, € [t, t + 1], we
get

E (1)

INA
N

t t+1

11 2
: E(t)dt—i—/t (IIUTHZ+1+||VUT|| )dT
1

? E(t)dt+ DI (t). (31)

|
N
—
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Hence, we obtain

E(t) < G [D? (t) + DI (1) + DA (1) + DR ()] . (32)
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Note that since E (t) is nonincreasing and E (t) > 0 on [0, o0),

DI (t) = E(t)—E(t+1)
< E(0).
Thus, we have
D (t) < E771(0). (33)

It follows from (32) and (33) that

(m+2)(g—1) m+2

E(t) < G {Drnr"ﬂ(t)+0q—rnl+1(t)+1+om+l(t) Dm+t (t)

_m _1y_1 (m+2)(g—1) m42
< G |:E(m+1)(q+1) (0) + E(q m+1)q+1 (0) +1+ E(m+1)(q+1)] D m+1 (t)
= GDmH (1),
Thus, we get
m+1)g—
EVIE (1) < DI (1) (34)
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Case 1: When g =1 and m = 0 from (34), we obtain
E(t) < GD*(t) = G [E(t) — E(t+1)].
By Lemma 2, we get
E(t) < E(0) e lt=1",

where w; = In %
Case 2: When (m+1) g > 1, applying Lemma 2 to (34) yield

_1
I

E(t) < (E©O) ™+ G lalt-1]7)

(m+1)g—1

i3 1he proof of Theorem 9 is completed.

where o =
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Blow up of solutions

In this section, we deal with the blow up of the solution for the problem
(1), when g = 1. Let us begin by stating the following two lemmas,which
will be used later.

Lemma (10)

(Li-Tsai 2003). Let us have 6 > 0 and let B (t) € C?(0,00) be a
nonnegative function satisfying

B"(t)—4(6+1)B'(t)+4(5+1)B(t) >0. (35)

If
B'(0) > 2B(0) + Ko, (36)

with rp =2(6+1) —24/(6+1) 6, then B’ (t) > Kqy for t > 0, where
Ko is a constant.
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Blow up of solutions

Lemma (11)

(Li-Tsai 2003). If H (t) is a nonincreasing function on [ty, o) and
satisfies the differential inequality

[H' (£)]% > a+ b[H ()73, fort > 1,
where a > 0, b € R, then there exists a finite time T* such that

lim H(t)=0.

t— TH*—

Upper bounds for T* are estimated as follows:

(37)
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Blow up of solutions

1 )
T < tyg+ In
Vb /=2 —H(t)
(ii) If b= 0, then
* H(tO)
T < .
=0T ()
(iii) If b >0, then
H (tp) 1 dc _L
T < T < ¢ 22571—1 H (¢ 2,
ST TSt 28 [1 (1 M ()]
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Blow up of solutions

Definition (12)
A solution u of (1) with g = 1 is called blow up if there exists a finite
time T* such that

lim [/Q u2dx+/0t /Q (¢ +|VuP) dxdr] —c0.  (38)

t— T*—

Let

t
_ 2 2 2
a(t)—/ﬂu dx+/0 /Q(u +|Vul?) ddr, for >0, (39)

Energy decay and global nonexistence...
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Blow up of solutions

Lemma (13)

Assumem+2 < p+1< n'L(Enmez)),

m < 45 < p—1, then we have

m—+ 2 < n, and that

t P
a"(r)z4(5+1)/Qu§dx—4(25+1)E(O)+4(25+1)/0 (lell? + 17 e

(40)
Proof. From (39), we have
4 (t) = 2/0uutdx+ lull? + |Vl (41)
a”(t) = 2/ u%dx+2/ uuttdx+2/ (uut—f—VuVut) dx
Q (@] Q
2 2 1
= 2 ue]|* =2 | Vullpi5 + 2 |ullhiy (42)
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Blow up of solutions

Lemma (14)

Assume m+2 < p+1< nfl(znm+_|_22)), m+ 2 < n and one of the following

statements are satisfied

(i) E(0) <0,

(ii) E(0) = 0 and [ uguydx >0,
(iii) E (0) > 0 and

Ki

a (0)>n a(0)+4(5+1)

2
+ [luol| (43)
holds.
Then a (t) > ||ug||? for t > t*, where ty = t* is given by (44) in case
(i) and to = 0 in cases (ii) and (iii).
Where K1 and t* are defined in (48) and (44), respectively.
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Blow up of solutions

Proof. (i) If E(0) < 0, then from (40), we have
a(t)y>a(0)—4(25+1)E(0)t, t>0.

Thus we get & (t) > |Jug||? for t > t*, where

& () — |luo]”
£ = S o U Y R O 44
max{4(25+1)5(0)' 0 (44)
i) If E£(0) =0and [, upuydx >0, then a” (t) > 0 for t > 0. We have

(i)
' (t) > |uol?, t>0.
(iii) If E(0) > O, we first note that

2/'t/' wurdxdt = ||u|® = ||uo|?. (45)
0 JO
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Blow up of solutions

By Holder inequality and Young inequality, we have
Jul? < ool + [ Jull2ar+ [ aclPar. 6)
By Holder inequality, Young inequality and (46), we have
(0 a0 +lwl+ [ ot [(ulfer. @)
Hence, by (40) and (47), we obtain
a(t)—4(0+1)d (t)+ ||uol® a(t) + K1 >0,

where
Ki=4(25+1)E0)+4(5+1) | ul?. (48)
Let
b(t)= a(t)—|—4(5Kj_1), t>0.

Then b (t) satisfies Lemma 10. Consequently, we get from (43)
/ 2 L .

Q Apere %) en [ emina
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Blow up of solutions

Blow up of solutions

Theorem (15)

Assume m+2 < p+1< n’L(Tmez)), m+ 2 < n and one of the following

statements are satisfied
(i) E(0) <0,
(ii) E(0) = 0 and [ uguidx >0,
(2'(t0) = luo|*)”
(i) 0 < E (0) < 8Tatto) +(To—t0)] ol] and (43) holds.
Then the solution u blow up in finite time T* in the case of (38). In case

(i),

T* <t — :,((2)). (49)
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Blow up of solutions

Blow up of solutions

In case (ii),
H (to)
T <ty— 53
In case (iii),
LS
241 2+1 25
o< HU0) e 2 (2 0 [ (2)T H)
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Blow up of solutions

Blow up of solutions

Proof. Let
-6
H(t) = [a(t)+ (TL— ) |lwl®] * forte 0. Ta],  (55)
where T; > 0 is a certain constant which will be specified later. Then we
get
21701 2
H(t) = =sla®)+(Ti-0)lwl’] |3 (1)~ uwl?]
= oM () [0~ [luo?] (56)
H'(8) = —8H'5()a" (¢) [a(t) + (T1 — £) ||uo]]
2 2
+OHHE () (140) [ (1) — luo]*] (57)
and ,
H" (t) = —6HYS (¢) V (1), (58)
where
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Blow up of solutions

Blow up of solutions

For simplicity of calculation, we define

P, = fQ u? dx, R, = fQ u%dx
t 2 t 2
Qu= [fo llull”dt, Su= [y [luel|” dt.

From (41), (45) and Hélder inequality, we get
t
a(t) = 2/ uutdx+|\uo||2+2/ / uug dxdt
Q 0 JO
< 2(VRPy+VQS) + w0l (60)

If case (i) or (ii) holds, by (40) we have

a'(t) > (—4—85)E(0)+4(1+0) (Ry+Su). (61)
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Blow up of solutions

Blow up of solutions

Thus, from (59)-(61) and (55), we obtain
V(t) > [(—4—88)E(0)+4(1+0)(Ry+Su)]H 5 (t)
4 (1+0) (VRP VS,

From (39),
t
a(t):/ u2dx—|—/ / u?dxds = P,
Q 0 /o

and (55), we get
V() > (~4—85)EQ)H E (1) +4(1+8) [(Ry+ ) (Ts — 1) o> + O
where

2

O (t) = (Ry +5u) (Pu + Q) — (VRP + VS, )
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Blow up of solutions

Blow up of solutions

By the Schwarz inequality, and © (t) being nonnegative, we have
V(t) > (—4—88)E(0)H 5 (t), t > to. (62)
Therefore, by (58) and (62), we get
H” (t) < 45 (14 206) E (0) HY*3 (£), t > to. (63)

By Lemma 13, we know that H’ (t) < 0 for t > tg. Multiplying (63) by
H' (t) and integrating it from ty to t, we get

H™ (t) > a+ bH>'5 (t)

for t > ty, where a, b are defined in (51) and (52) respectively.
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Theorem (Blow up)
Blow up of solutions

Blow up of solutions

By Lemma 13, we know that H' (t) < 0 for t > tg. Multiplying (63) by
H’ (t) and integrating it from ty to t, we get

H?2 (t) > a+ bH>'S (t)

for t > ty, where a, b are defined in (51) and (52) respectively.
If case (iii) holds, by the steps of case (i), we get a > 0 if and only if

(+ (t0) — llw0]?)”
8 [3 (to) + (T1 —to) \|Uo||2] -

E(0) <

Then by Lemma 11, there exists a finite time T* such that

Iin71_ H (t) = 0 and upper bound of T* is estimated according to the
t— T*~
sign of E (0). This means that (38) holds.
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