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Mixed-Type Equations and Transoni
 Flows.Transoni
 potential �ows in the �uid dynami
s lead to boundary valueproblems for equations of mixed type.At a 
ertain point of the airfoil, the speed of the �ow ex
eeds the speedof sound and a sho
k wave is formed.A
ross the sho
k there is a rapid rise in pressure, temperature and density.Using the hodograph variables for 2-D �ow, the typi
al equation is:
K(y)uxx + uyy = 0Subsoni
 �ow: K(y) > 0 ⇒ ellipti
 equationSupersoni
 �ow: K(y) < 0 ⇒ hyperboli
 equationDi�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Guderley-Morawetz Problem.The Guderley-Morawetz problem is 
onne
ted to the models of �ows aroundairfoils.
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Equation of mixed ellipti
-hyperboli
 type
K(y)uxx + uyy = 0,where K(y)y > 0 for y 6= 0.Boundary 
onditions on σ, A1C1 and A2C2.The plane Guderley-Morawetz mixed-type problem is well studied � seethe survey by Morawetz (2004) for the 
lassi
al 2-D mixed type BVPs andtheir transoni
 ba
kground.Morawetz (1958): Existen
e of weak solutions and uniqueness of strongsolutions in weighted Sobolev spa
es.Lax and Phillips (1960): The weak solutions are strong. Regularity.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Protter-Morawetz Problem.The domain G
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In the 1950s M.H. Protter proposedmultidimensional analogues of the 2-DGuderley-Morawetz problem.Let K(y) is su
h that yK(y) > 0 for y 6= 0.In R4 with points (x, y) = (x1, x2, x3, y)
onsider in G the equation
K(y)(ux1x1

+ ux2x2
+ ux3x3

)− uyy = f(x, y)with boundary 
onditions u|Σ+∩Σ
−

= 0.The Protter-Morawetz problems have been studied by many authors in1970s and 1980s, but a general understanding of the situation is still notat hand. Even the question of well posedness is surprisingly subtle andnot 
ompletely resolved. Uniqueness results for quasiregular solutions wereobtained by Aziz and S
hneider (1979), but there are real obstru
tions toexisten
e in this 
lass.To explain the di�
ulties and illustrate the di�eren
es with the 2-D 
asewe study the Protter problems in the hyperboli
 part of the domain.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Protter Problems.Consider the wave equation in R
4

ux1x1
+ ux2x2

+ ux3x3
− utt = f(x, t)with points (x, t) = (x1, x2, x3, t) in the domain

Ω = {(x, t) : 0 < t < 1/2, t <
√

x2
1 + x2

2 + x2
3 < 1− t},bounded by the two 
hara
teristi
 
ones

Σ1 = {(x, t) : 0 < t < 1/2,
√

x2
1 + x2

2 + x2
3 = 1− t},

Σ2 = {(x, t) : 0 < t < 1/2,
√

x2
1 + x2

2 + x2
3 = t}and the ball

Σ0 = {t = 0,
√

x2
1 + x2

2 + x2
3 < 1},
entered at the origin O : x = 0, t = 0.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems
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The following multidimensional analogues of Darboux problems were proposedby Murray Protter:
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Problem P1. Find a solution of thewave equation in Ω whi
h satis�es theboundary 
onditions
u|Σ0

= 0, u|Σ1
= 0.Problem P1

∗. Find a solution of thewave equation in Ω whi
h satis�es theadjoint boundary 
onditions
u|Σ0

= 0, u|Σ2
= 0.
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Let us de�ne for k ∈ N ∪ {0} the fun
tions
hk(ξ, η) =

ξ
∫

η

skPn

(

ξη + s2

s(ξ + η)

)

ds.where Pn are the Legendre polynomials, de�ned by the Rodrigues formula:
Pn(s) :=

1

2nn!

dn

dsn
(s2 − 1)nLemmaThe fun
tions

vnk,m(x, t) = |x|−1hn−2k−2

(

|x|+ t

2
,
|x| − t

2

)

Y m
n (x).are 
lassi
al solutions from C∞(Ω) ∩ C(Ω) of the homogeneous problem

P1∗ for n ∈ N, m = 1, . . . , 2n+ 1 and k = 0, 1, . . . , [(n− 1)/2]− 2.Tong Kwang Chang (1957); Khe Kan Cher (1998)Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Spheri
al Fun
tions.One 
an de�ne the spheri
al fun
tions on the unit sphere S2 in R
3 by

Y 2m
n (x1, x2, x3) = Cm

n

dm

dxm
3

Pn(x3) Im {(x2 + ix1)
m} , for m = 1, ..., n

Y 2m+1
n (x1, x2, x3) = Cm

n

dm

dxm
3

Pn(x3)Re {(x2 + ix1)
m} , for m = 0, ..., n,where Cm

n are 
onstants and Pn are the Legendre polynomials.
{Y m

n }: n ∈ N ∪ {0}; m = 1, . . . , 2n+ 1is a 
omplete orthonormal system in L2(S2).For 
onvenien
e, we keep the same notationfor the radial extension of the spheri
alfun
tion to R
3\{O}, i.e.

Y m
n (x) := Y m

n (x/|x|).Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



r−1hn−2k−2

(

r+t
2 , r−t

2

) with n = 11 and k = 3.
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Garabedian (1960) proved the uniqueness of the 
lassi
al solution of Protterproblem. However, a ne
essary 
ondition for the existen
e of 
lassi
alsolution for the Problem P1 is the orthogonality of the right-hand sidefun
tion f to all fun
tions vnk,m(x, t).To avoid an in�nite number of ne
essary 
onditions, we introdu
e generalizedsolutions for the problem P1, eventually with a singularity at the origin O.De�nitionA fun
tion u = u(x, t) is 
alled a generalized solution of the problem P1in Ω, if the following 
onditions are satis�ed:1) u ∈ C1(Ω\O), u|Σ0\O = 0, u|Σ1
= 0, and2) the identity

∫

Ω

(utwt − ux1
wx1

− ux2
wx2

− ux3
wx3

− fw)dxdt = 0holds for all w ∈ C1(Ω) su
h that w = 0 on Σ0 and in aneighborhood of Σ2.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



The singular solution of Protter problems were studied by: Popivanov andS
hneider; Aldashev; korean mathemati
ians Jong Duek Jeon et al.(1996),Jong Bae Choi, Jong Yeoul Park (2002).Popivanov and S
hneider (1993) proved the uniqueness of the generalizedsolutions of Protter problems. It is shown that for ea
h n ∈ N there existsa right-hand side fun
tion f ∈ Cn(Ω̄), for whi
h the generalized solutionhas a strong power-type singularity like r−n. This singularity is isolated atthe vertex O and does not propagate along the 
hara
teristi
 
one.
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Existen
e of bounded solutions.N.Popivanov, T.Popov, R.S
hererProtter-Morawetz multidimensional problems,Pro
eedings of the Steklov Institute of Mathemati
s 278 Issue 1 (2012) 179-198.TheoremLet the fun
tion f(x, t) belong to C10(Ω). Then the ne
essary andsu�
ient 
onditions for existen
e of bounded generalized solution u(x, t)of the Protter Problem P1 are
∫

Ω

vnk,m(x, t)f(x, t) dxdt = 0,for all n ∈ N, k = 0, . . . ,
[

n−1
2

], m = 1, . . . , 2n+ 1.Moreover, this generalized solution u(x, t) ∈ C1(Ω\O) and satis�es the apriori estimates
|u(x, t)| ≤ C ‖f‖C10(Ω) ;

3
∑

i=1

|uxi
(x, t)|+ |ut(x, t)| ≤ C(|x|2 + t2)−1 ‖f‖C10(Ω)where the 
onstant C is independent of the fun
tion f(x, t).Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Naturally, the ne
essary orthogonality 
onditions for the existen
e of boundedsolutions of Problem P1 in
lude the fun
tions vnk,m from Lemma 1.However, it is interesting that there are also some others:
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Singular solutions of Problem P1.Generally, a smooth fun
tion f(x, t) 
an be expanded as a harmoni
 series
f(x, t) =

∞
∑

n=0

2n+1
∑

m=1

fm
n (|x|, t)Y m

n (x)with Fourier 
oe�
ients
fm
n (r, t) :=

∫

S(r)

f(x, t)Y m
n (x) dσr ,where S(r) is the three-dimensional sphere {x ∈ R

3 : |x| = r}.The behaviour of the solution depends on the parameters
βn
k,m :=

∫

Ω

vnk,m(x, t)f(x, t) dxdt,where n = 0, . . . , l; k = 0, . . . ,
[

n−1
2

] and m = 1, . . . , 2n+ 1.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Let us introdu
e for p ∈ R and k ∈ N the series
||f ;np;Ck|| :=

∥

∥f0
0 (|x|, t)

∥

∥

C0(Ω)
+

∞
∑

n=1

np

∥

∥

∥

∥

∥

2n+1
∑

m=1

fm
n (|x|, t)Y m

n (x)

∥

∥

∥

∥

∥

Ck(Ω)

Φ(s) :=

∞
∑

n=1





2n+1
∑

m=1

[n/2]
∑

k=0

∣

∣βn
k,m

∣

∣



 sn .TheoremSuppose: f(x, t) ∈ C1(Ω); the series ||f ;n6;C0|| and ||f ;n4;C1|| are
onvergent; the power series Φ(s) has an in�nite radius of 
onvergen
e.Then there exists an unique generalized solution u(x, t) ∈ C1(Ω\O) ofProblem P1, and
|u(x, t)| ≤ C

[

Φ

(

C1

|x|+ t

)

+ ||f ;n6;C0||+ ||f ;n4;C1||

]

;

3
∑

i=1

|uxi
(x, t)|+ |ut(x, t)| ≤ C|x|−2

[

Φ

(

C2

|x| + t

)

+ ||f ;n6;C0||

]

;where the 
onstants C, C1 and C2 are independent of f(x, t).Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Next, we 
ompare the situation here with the results of Popivanov &S
hneider (1995) for (2+1)-D Protter Problems.The su�
ient 
ondition for existen
e of generalized solution in the (2+1)-D
ase is the 
onvergen
e of the series
∞
∑

n=1

1

n
I0

(

2n

ε

)

(

∥

∥f1
n

∥

∥

C0(Ω)
+
∥

∥f2
n

∥

∥

C0(Ω)

)

, for all ε > 0,where f i
n are the Fourier 
oe�
ients for the right-hand side(the analogues of fm

n here).The fun
tion I0 is the modi�ed Bessel fun
tion of �rst kind:
I0(s) :=

∞
∑

k=0

1

(k!)2

(s

2

)2k

.We 
an use the estimate
I0(s) ≤ es for s ≥ 0.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



(2+1)-D 
ase (3+1)-D 
aseSuppose that the power series Suppose that the power series
Φ1(s) :=

∞
∑

n=1

n−1
(

∥

∥f1
n

∥

∥

C0(Ω)
+
∥

∥f2
n

∥

∥

C0(Ω)

)

sn
Φ2(s) :=

∞
∑

n=1

[

2n+1
∑

m=1

‖fm
n ‖C0(Ω)

]

snhas an in�nite radius of 
onvergen
e. has an in�nite radius of 
onvergen
e.Then there exist unique generalizedsolution u, and near the origin we have theestimate
|u(x, t)| ≤ CΦ1

[

exp

(

2

|x|

)]

.where the 
onstant C is independent of f .
Then there exist unique generalizedsolution u, and near the origin we have theestimate

|u(x, t)| ≤ CΦ2

[

C0

|x|+ t

]

.where the 
onstants C and C0 areindependent of f .Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



Constru
tion of singular solutionsIf f is a harmoni
 polynomial the solution 
an have only power typesingularity. However, in the general 
ase stronger singularities are possible.Suppose that the power series with 
oe�
ients αp ≥ 0

φ(s) :=

∞
∑

p=0

αps
phas in�nite radius of 
onvergen
y.Is there a solution with singularity at the origin like φ(1/t)?Re
all that the parameters

βn
k,m :=

∫

Ω

vnk,m(x, t)f(x, t) dxdt�
ontrol� the behaviour of the singularity of the solution.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



TheoremLet f(x, t) ∈ C1(Ω), the series ||f ;n6;C0||, ||f ;n4;C1|| are 
onvergent,and the power series Φ(s) has an in�nite radius of 
onvergen
e. Supposethat there is x∗ = (x∗
1, x

∗
2, x

∗
3) ∈ R

3 su
h that
∞
∑

k=0

2p+4k+1
∑

m=1

p ap+2k,2kβ
p+2k
m,k Y m

p+2k(x
∗) ≥ αpThen there exist a number δ ∈ (0, 1/2) that the unique generalizedsolution u(x, t) of Problem P1 satis�es the estimate

|u(tx∗
1, tx

∗
2, tx

∗
3, t)| ≥ φ

(

1

2t

) for t ∈ (0, δ).Here an,2k are the 
oe�
ients of the Legendre polynomial:
Pn(s) =

[n2 ]
∑

k=0

an,2ks
n−2k, an,2k := (−1)k

(2n− 2k)!

2nk!(n− k)!(n− 2k)!
.Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems



For example, it is possible to build an appropriate fun
tion f for the
onstants αp =
1

p!
, and thus the 
orresponding solution to grow at O.THEOREM. There exists a fun
tion f ∈ C∞(Ω) and a positive number

δ ∈ (0, 1/2), su
h that the 
orresponding unique generalized solution
u(x1, x2, x3, t) ∈ C1(Ω\O) of the Problem P1 in R

4 with right-handfun
tion f , satis�es the estimate
u(0, 0, t, t) ≥ exp

(

1

t

) for 0 < t < δ.
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Generalized solution with exponential growth
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Graph of ln(1+ln(1+|u|))
1−ln(t)

u ∼ exp(C t−1)Di�EqApp, 4 � 7 September 2017, Brno Singular solutions of Protter problems
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