Positive radial solutions for systems involving
potential Lane-Emden nonlinearities and
Minkowski operator

Daniela GURBAN
West University of Timisoara

D. G. and P. Jebelean, Positive radial solutions for systems with mean curvature operator in Minkowski
space, Rend. Istit. Mat. Univ. Trieste, accepted
D. G., P. Jebelean and C. Serban, Nontrivial solutions for potential systems involving the mean
curvature operator in Minkowski space, Adv. Nonlinear Stud. (2017), DOI: 10.1515/ans-2016-6025.

September 4, 2017

Daniela GURBAN  West University of Timisoara



CONTENTS

Introduction

Lower and upper solutions; critical points; degree estimations

Non-existence, existence and multiplicity

References

Daniela GURBAN  West University of Timisoara



Introduction

Introduction

Let Q be a bounded domain in RY (N > 2) with boundary 99 of class C2.

M(u) + AFy(x,u,v) =0, x€Q,
M(v) + AF (x,u,v) =0, xé€Q, (1)
uloa =0 = vlaq,

with F : Q x R? — R satisfying:
(He) (i) F(-,u,v) : Q — R is measurable for all (u,v) € R? and F(-,0,0) = 0;
(ii) F(x,+-): R? = Ris of class C! on R? for a.e. x € Q;
(iii) for each p > 0 there is some a, € L>°(Q2) such that

IVF(x,u,v)| < ay(x) forae x€Q, VY (u,v)€R?with |(u,v)| < p,

e By a solution of (1) we mean a couple of functions
(u,v) € W2P(Q) x W29(Q) with some p,q > N, such that | Vu|lw < 1,
[IVv|loo < 1, which satisfies the equations a.e. in Q and vanishes on 99Q.
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Theorem 1.

Assume (HF) and that

F(x,0,v) = Fy(x,0,v) = Fy(x,u,0) =0 and
F(X;Uao):Fv(XauaO):Fv(X707V):Ov (2)

for a.e. x € Q and all (u,v) € [0,00)2.

If the following hold true:

(iv) 3R >0: { Fulcuu, v} =8(=) 0

Elomi) = ()0 0 T Ee e Y ey & (0 )

F(x, u,v)
im
l(w)|=0 |(u, V)|

(v)

then there exists A > 0 s.t. for all A > N\ problem (1) has at least two solutions
with each component nontrivial (and non-negative).

=0 wniformly with x € Q,
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Proof. Set I::(x, u,v) = F(x,up,vy) (x €Q, u,v €R) and consider

M(u) + AFy(x,u,v) =0, x€Q,
M(v) + AF,(x,u,v) =0, x€Q,
uloa =0 = v|aq

(3)

(u, v) solution for (3) = (u, v) has non-negative components and solves (1).
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= {ue Wh(Q) : |Vulleo <1, ulog =0}
/[1 —V1—1|Vul’] for uveKp
Q

+o0 for we C(Q)\ Ko

V(u) =

* W is convex and lower semicontinuous on C(Q)
F(u,v) = / F(x,u,v)
Q

« Fis of class C1 on C(Q) x C(Q)
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(o, v) == V() +V(v) = AF(u,v),  Y(u,v) e C(Q) x C(Q)

e (u,v) critical point of [y (in the sense of Szulkin) = (u, v) solution of (3)

e IA>0st. VA > A
(a) I\ has a negative minimum,
(b) Iy has a positive value at a (mountain pass) critical point

= I\ has two nontrivial critical points; each such a critical point is a solution of
(3) having each component nontrivial.
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Example 2.

There exists N > 0 s.t., for all A > A, the system
M(u) + A2 =0, x€Q,
M(v) + APy =0, x€Q, (4)
ulpa = 0 = v|sq

has at least two solutions with each component nontrivial and non-negative.

o take F(x,u,v) = u?v?/2
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More general: o F(x, u,v) = u(|x|)uPt1vI*t! under the hypothesis:
(H) The non-negative exponents p, q satisfy max{p, q} > 1 and the function
u: [0, R] — [0, 00) is continuous and p(r) > 0 for all r € (0, R].

M(u) + M(|x])(p + DuPvitt =0, x € Q,
M(v) + Au(|x])(g + 1)uPthvd =0, x € Q, (5)
ulag = 0 = v|sa

Theorem 1 = 3 A > 0 s.t. YA > A the system (5) has at least two solutions

with each component nontrivial (and non-negative).
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C. Bereanu, P.Jebelean, and P.J. Torres, J. Funct. Anal. 265 (2013)
In the case on a single equation in a ball:
M(u) + Ap([x[)u® =0 in B(R), ulopsr) =0 (a>1)
a sharper result holds true: there exists A > 0 s.t. it has zero, at least one or
at least two positive solutions according to A € (0,A), A=A or A > A.
e o r:= |x| and u(x) = u(r), v(x) = v(r), the Dirichlet problem (5) in
Q = B(R) reduces to the mixed boundary value problem:
[P =2p()] + A =2(r) (p + 1)uPut = 0,
[P =o(v)] + AN~ tu(r)(q + 1)uPttvd = 0, (6)
u'(0) = u(R) =0 = v(R) = v/(0),

where
oly) = Wi (y €R, |y| <1).
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Lower and upper solutions

Consider the general system:

[PV o(u)] + VT (r, 0, v) =0,
[PV ro(V] + PN (r, 0, v) =0, (7)
u'(0) = u(R) =0 = v(R) = v/(0),

where f;, f, : [0, R] x R? — R are continuous.

By a solution of (7) we mean a couple of functions (u,v) € C1[0, R] x C1[0, R]
with [|t/]|ee < 1, |[V/]|eo < 1 and r = rN=1o(u/(r)), r+— rN=1p(v/(r)) of class
C?! on [0, R], which satisfies problem (7). Here and below, we denote by || - ||o
the usual sup-norm on C := CJ[0, R]. We say that u € C is positive if u > 0 on

[0, R). By a positive solution of (7) we understand a solution (u, v) with both u
and v positive.

Daniela GURBAN  West University of Timisoara



Lower and upper solutions; critical points; degree estimations

A lower solution of (7) is a couple of functions (a,,a,) € C* x C!, s.t.
o lloe <1, [lalloc < 1, the mappings r = rV="t(ar,(r)), r = rN=1p(al,(r))
are of class C! on [0, R] and satisfies
[PY=p(ad )] + (o) 2
[N~ to(a)) + N (r o, ) 2
ay(R) <0, a,(R)<0.

0,
0,

An upper solution (3,,3,) € C* x C! is defined by reversing the above
inequalities.
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e Ji, /o C R. In the terminology of [14], a function
f=1(r,s,t):[0,R] x )i x J, = R is said to be quasi-monotone nondecreasing
with respect to t (resp. s) if for fixed r,s (resp. r,t) one has

f(rys,t1) < f(r,s,t2) as t1 < tp (resp. f(r,s1,t) < f(r,s,t) as 51 < sp).

Proposition 2.1.

If (7) has a lower solution (o, «,) and an upper solution (B, ) s.t.

ay(r) < Bu(r), av(r) < Bu(r) for all r € [0, R] and fi(r,s,t) (resp. f(r,s,t)) is
quasi-monotone nondecreasing with respect to t (resp. s), then (7) has a
solution (u, v) s.t. a,(r) < u(r) < Bu(r) and a,(r) < v(r) < B,(r) for all

r € [0,R].
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Ct:= €0, R] with [ul[y = [Jullos + [|t/]|
Ct x C with || (u, v)I| = max{||ullsc, [|v]oo } + max{]|u']|oo, [[V/loc }
Ch = {(u,v) € Ct x C*: u/(0) = u(R) =0 = v(R) = V'(0)}
Ng =the Nemytskii operator associated to f; (i = 1,2), i.e.,
Neg: Cx C— C, Ne(u,v) = Ffi(u(-),v(:) (u,ve ),

S:C—C, Su(r)= Nl_l / t"=lu(t)dt (r €[0,R]), Su(0)=0;
lr 0

K:C— C Ku(r)= /R u(t)dt (r€0,R]).
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Proposition 2.2.

A couple of functions (u,v) € C}, is a solution of (7) if and only if it is a fixed
point of the compact nonlinear operator

N¢ : G} — Chy, Nf:(KO@_IOSONG,KO@_]'OSON,CZ).
In addition, any fixed point (u, v) of Ny satisfies
[t ]lec <1, [Villoo <1, lulloo <R, VIl <R, (8)

and
d[_s[l — N, Bp,O] =1forallp>R+1.

In particular, problem (7) has at least one solution in B, for all p > R + 1.
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e When system (7) is potential:
[PLp(u)) = NIE(ru
[P = VIR (r
v'(0)=u(R)=0=v(R

u,v),

7 7 V)?

) = v'(0),
with F = F(r,u,v) : [0, R] x R? — R continuous, s.t. F, and F, exist and are
continuous on [0, R] x R?, then a variational approach is available:

(9)
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Ko = {u e WH[0,R] : |u'||oo <1,u(R)=0}.

R
/ NI — /1 —w?]dr for  u€E Ky
v(w)=1

+00 for wue C\ Ko,
V(u,v) :=(u) +¢(v), forall (u,v) e C x C.
x W is proper, convex and lower semicontinuous.
R
F(u,v) = / NEE(r u,v), (u,v e Q)
0

% Fis of class C1 on C x C
JT=V+F
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Proposition 2.3.

If (u,v) € C x C is a critical point of J (in the sense of Szulkin), then it is a
solution of system (9). Moreover, system (9) has a solution which is a minimum
point of J on C x C.

Lemma 3.

Assume that (7) has a lower solution («,, ) and an upper solution (5., 5,)
s.t. ay(r) < Bu(r), a(r) < B,(r) for all r € [0, R] and fi(r,s,t) (resp.
f(r, s, t)) is quasi-monotone nondecreasing with respect to t (resp. s). Let

Aa,ﬁ = {(U, V) € e%/l tay Su< By, ap Sv< Bv}

Assume also that (7) has an unique solution (ug, vo) in Aq,p and there exists
po >0 s.t. B((uo,v), po) C Aa,g. Then

dis[l — N¢, B((uo, v0), p),0] =1, forall 0 < p < po,

where Ny stands for the fixed point operator associated to (7).
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e g1,8 :[0,R] x [0,00)? — [0, 00) continuous

(PR (u)] 4+ s s va) =
[PtV + M rea(r ug, vy) = (10)
u'(0) = u(R) =0=v(R) = v/(0),

where &, := max{0,¢}.
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Lemma 4.

Assume that g1, g» satisfy hypothesis:

(Hg) (i) ga(r,s,t) >0 < go(r,s,t), Vs, t >0, Vr € (0,R];
(i) g1(r,&,0) = g(r,0,8) =0, V€ >0, Vr € (0,R].

If there is some M > 0 s.t. either

lim 850 o uniformly with r € [0, R], t € [0, M] (11)
s—04 S
or
lim &5 o uniformly with r € [0,R], s € [0, M], (12)
t—0, t

then there exists py > 0 s.t.
dis[l —Ng,B,,0] =1 forall 0 < p < po,

where N is the fixed point operator associated to problem (10).
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Remark 2.1.

Under hypothesis (Hg) in Lemma 4 any nontrivial solution of problem (10) is a

positive solution of the system

[N ro(u)] + N re(r,u,v) =0,
[PN=2o(V)]) + rN=tgo(r,u,v) =0
u'(0) = u(R) = 0= v(R) = v/(0).
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Non-existence, existence and multiplicity

Back to the gradient system (6) under hypothesis (H)

Theorem 5.

Assume (H). Then there exists A > 0 s.t. the system (6) has zero, at least one
or at least two positive solutions according to X € (0,A), A=A or A > A.

Proof. We assume that 0 < g < p > 1 and we make use of the equivalent
system:

[PN=Lo(u)) + ArN=tu(r)(p + 1 0

[P ro(v)) + AN u(r)(q + 1) TlVi =0, (14)

u'(0) = u(R) = 0= v(R) = v/(0)

2RN R R L L
In(u,v) = Ti/o PNV — w2 44/1 - v’2]drf)\/0 N ()R v dr
up(r) = vo(r) = R — r = J3x(up, vo) <0, for A > 0 large enough

= 8 :={A > 0:(6) has a positive solution} # ()
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1. Existence of A\; the cases A € (0,\) and A = A
e\ €8 =)\>2N/[(p+ 1)RPTa+2 r[QaR>]<u](> 0)

(0 <) A:=inf8 (< +0)

e Ned
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2. The case \ > A.
o (A,o0) C 8 Ao € (A oo)= N €S

>> (up, vp) a positive solution of (6) with A = A = (up, va) is a lower solution
for (14) with A = A\g >> an upper solution (up,, vi,) for (14) with A = X\g can

be constructed s.t. up < Uy, VA < Vvp,

= (14) has a positive solution (Proposition 2.1) = Ao € 8.
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Non-existence, existence and multiplicity

o )\ € (A, 0) = (14) with A = \g has a second positive solution.

>> (up, va) be the lower solution and (up,, vi,) be the upper solution
constructed as above

>> fix (up, vo) a positive solution of (14) with A = g s.t.

(uo,vo) €A = {(u,v) €Cly:un<u<up, an<v<vgl
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>>Je>0s.t. B((u, vo),e) CA

If (14) has a second solution contained in A, then it is nontrivial and the proof
is complete

® If not, Lemma 3 =
dis[l — Ny, B((uo, o), p),0] =1 forall 0 < p < e,
where N, is the fixed point operator associated to (14) with A = Xg

® dis[l =Ny, B,,0] =1 for all p > R+ 1 (Proposition 2.2)
© dis[l =Ny, B,,0] =1 for p > 0 small (Lemma 4)
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> p1,p2 > 0 be small and p3 > R+ 1 s.t.
B((uo, vo), p1) N By, = 0 and B((uo, v), p1) U B,, C B,,
Additivity-excision property of Leray-Schauder degree =
dis[l — Ny, By, \[B((uo, vo), p1) U B,,],0] = —1.

= N, has a fixed point (u,v) € B,,\[B((uo, v0), p1) U B,,] = (14) has a
second positive solution.
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Corollary 6.
Assume (H). Then there exists A > 0 s.t. the problem

M(u) + Au(|x))(p + )uPvatt =0 in B(R),
M(v) + Au(|x])(g + 1)uPtvd =0 in B(R),
ulas(r) = 0 = v|an(r)

has zero, at least one or at least two positive solutions according to A € (0, A),
A=ANor A >A.

Daniela GURBAN  West University of Timisoara



References

References

[1]

2]

(3]

[4]

R. Bartnik and L. Simon, Spacelike hypersurfaces with prescribed boundary values and
mean curvature, Comm. Math. Phys. 87 (1982-83), 131-152.

C. Bereanu, P. Jebelean and J. Mawhin, Radial solutions for some nonlinear problems
involving mean curvature operators in Euclidean and Minkowski spaces, Proc. Am. Math.
Soc., 137 (2008), 161-169.

C. Bereanu, P. Jebelean and J. Mawhin, Radial solutions for systems involving mean
curvature operators in Euclidean and Minkowski spaces, in Mathematical Models in Engi-
neering, Biology and Medicine, AIP Conf. Proc., 1124, Editors: A. Cabada, E. Liz, J. J.
Nieto, Amer. Inst. Phys., Melville, NY, 2009, 50-59.

C. Bereanu, P. Jebelean and J. Mawhin, The Dirichlet problem with mean curvature
operator in Minkowski space — a variational approach, Adv. Nonlinear Stud. 14 (2014),
315-326.

C. Bereanu, P. Jebelean and J. Mawhin, Corrigendum to: "The Dirichlet problem with
mean curvature operator in Minkowski space - a variational approach” [Adv. Nonlinear
Stud. 14 (2014), no. 2, 315-326], Adv. Nonlinear Stud. 16 (1).(2016), 173=174.

Daniela GURBAN  West University of Timisoara



References

[6] C. Bereanu, P. Jebelean and P. J. Torres, Positive radial solutions for Dirichlet problems
with mean curvature operators in Minkowski space, J. Funct. Anal. 264 (2013), 270-287.

[7] C. Bereanu, P. Jebelean and P. J. Torres, Multiple positive radial solutions for Dirichlet
problem involving the mean curvature operator in Minkowski space, J. Funct. Anal. 265
(2013), 644-659.

[8] I. Coelho, C. Corsato and S. Rivetti, Positive radial solutions of the Dirichlet problem for
the Minkowski-curvature equation in a ball, Topol. Methods Nonlinear Anal. 44 (2014),
23-309.

[9] C. Corsato, F. Obersnel and P. Omari, The Dirichlet problem for gradient dependent
prescribed mean curvature equations in the Lorenz-Minkowski space, Georgian Math. J.
24 (2017), 113-134.

[10] C. Corsato, F. Obersnel, P. Omari and S. Rivetti, Positive solutions of the Dirichlet problem
for the prescribed mean curvature equation in Minkowski space, J. Math. Anal. Appl.
405 (2013), 227-2309.

Daniela GURBAN  West University of Timisoara



References

(11]

(12]

(13]

(14]

15]

C. Gerhardt, H-surfaces in Lorentzian manifolds, Comm. Math. Phys. 89 (1983), 523—
553.

D. Gurban and P. Jebelean, Positive radial solutions for systems with mean curvature
operator in Minkowski space, Rend. Istit. Mat. Univ. Trieste, accepted.

D. Gurban, P. Jebelean and C. Serban, Nontrivial solutions for potential systems involving
the mean curvature operator in Minkowski space, Adv. Nonlinear Stud. (2017), DOI:
10.1515/ans-2016-6025.

Y.-H. Lee, Existence of multiple positive radial solutions for a semilinear elliptic system on
an unbounded domain, Nonlinear Anal. 47 (2001) 3649-3660.

R. Ma, H. Gao and Y. Lu, Global structure of radial positive solutions for a prescribed
mean curvature problem in a ball, J. Funct. Anal. 270 (2016), 2430—2455.

Daniela GURBAN  West University of Timisoara



References

Thank you for your attention!




	Introduction
	Lower and upper solutions; critical points; degree estimations
	Non-existence, existence and multiplicity
	References

