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Consider the real separable Hilbert space H with the scalar product (·, ·) and the norm ‖ · ‖.
Let e and g be non-zero elements of H . The number δ(e, g) =

√
1− (e,g)2

‖e‖2‖g‖2 is called the deviation

between e and g. LetA be a linear compact positive operator inH . Denote by {µAj }∞j=1 the sequence
of its eigenvalues enumerated in the decreasing order and by {eAj }∞j=1 the orthogonal basis of
corresponding normalized eigenvectors. The number %Ak = inf

j 6=k
|µAj − µAk | is called the isolation

measure of the eigenvalue µAk .

Lemma 1. Let z ∈ H and z 6= 0. Then for all k = 1, 2, . . . we have the inequalities ‖(A − µAk I)z‖ ≥
%Ak δ(z, e

A
k )‖z‖.

Theorem 2. Let A and B are linear compact positive operators and for some k we have max{%Ak , %Bk } > 0.
Then the estimate δ(eAk , e

B
k ) ≤ 2

max{%Ak ,%
B
k }
‖A−B‖ holds.

Now, consider the Robin eigenvalue problem
∑n

i,j=1(aij(x)uxi)xj +λu = 0, x ∈ Ω, ∂u
∂N +αu = 0,

x ∈ ∂Ω, in the bounded domain Ω ⊂ Rn, n ≥ 2, with the boundary ∂Ω of C3 class. The real
coefficients aij(x) ∈ C2(Ω) satisfy the symmetry condition aij = aji and the ellipticity condition∑n

i,j=1 aij(x)ξiξj ≥ θ
∑n

i=1 ξ
2
i , (ξ1, . . . , ξn) ∈ Rn, x ∈ Ω, θ > 0. Here ∂u

∂N =
∑n

i,j=1 aijuxiνj , where
(ν1, . . . , νn) is the outward unit normal vector to ∂Ω, α is a real parameter. Let {λRk (α)}∞k=1 be the
sequence of its eigenvalues and {λDk }∞k=1 be the sequence of eigenvalues of the Dirichlet problem∑n

i,j=1(aij(x)uxi)xj + λu = 0, x ∈ Ω, u = 0, x ∈ ∂Ω (enumerated in the increasing order according
to their multiplicities). Denote by {uRk,α(x)}∞k=1 and {uDk (x)}∞k=1 orthogonal normalized in L2(Ω)

sets of corresponding eigenfunctions. For all α ∈ R we suppose that
∫

Ω u
R
k,αu

D
k dx ≥ 0. Denote by

m(λ) the multiplicity of the eigenvalue λ.

Theorem 3. Let m(λDk ) = 1. Then the eigenvalue λRk (α) obeys an asymptotic expansion λRk (α) = λDk −∫
Γ

(
∂uDk
∂N

)2
ds∫

Ω(uDk )2 dx
α−1 + o(α−1), α→ +∞.

Theorem 4. Let m(λDk ) = 1. Then there exists αk ∈ R such that for all α > αk we have m(λRk (α)) = 1
and the estimates C1

α ≤ ‖u
R
k,α − uDk ‖H2(Ω) ≤ C2

α hold, where C1, C2 are positive constants independent of
α.
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